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Abstract
For many years, theorists have calculated formulas for useful quantities in general gauge-Yukawa the-
ories. However, these cookbooks are often very difficult to use since the general notation is far removed
from practical model building.
In this paper, we present the structure delta which allows us to use a surprisingly convenient notation that
bridges the gap between general gauge-Yukawa theories and specific models. This is particularly useful
for the computation of beta functions, but can also be extended to handle spontaneous symmetry breaking,
the effective potential and a variety of other quantities. We will introduce it using the standard model of
particle physics and a toy model with an SU(Nc) gauge symmetry.
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I. INTRODUCTION
Much work has been done in the past to understand the general features of gauge-Yukawa
theories without reference to any specific model. In particular, general formulas have been found
for the beta functions and anomalous dimenions [1–5], the effective potential [6], the scalar self-
energy [7] and other useful quantities such as the presence of limit cycles in the renormalization
group flow [8]. These papers can be thought of as cookbooks, telling us exactly how to get the
desired quantity. However, the formulas provided are expressed in a completely general notation
that can be difficult to apply to a particular model, especially if the model involves many different
kinds of fields, such as is the case for the standard model and its extensions.
During the course of our research [9–13], we have gradually developed a notation that allows
for a transparent and generalizable translation between the notation of the general formulas and
that of specific models. In the present paper, we present it in a form that should be useful to
anyone interested in taking advantage of the existing formulas in the context of any particular
model.
In Section II, we introduce the example models we will use to develop the notation. In Section
III, we describe the notation and show how to use it in the Yukawa and quartic sectors of the
theory. We add generators of the gauge group in Section IV, and we show how to handle a
situation where it is more convenient to use different fields, such as is the case after spontaneous
symmetry breaking in Section V before concluding in Section VI.
II. EXAMPLE MODELS
Since this notation concerns how to express the same thing in different ways, it makes the
most sense to introduce it through specific examples. We will in this paper consider two models;
the standard model of particle physics and a toy model with fermions transforming under the
fundamental and adjoint representations of the SU(Nc) gauge symmetry, and a large scalar sector
that is a singlet under SU(Nc) first introduced in [14].
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A. The standard model
We write the standard model Lagrangian as follows
Lsm = Lkin +Lmass +Lyuk +Lquart (1)
Lmass = −µ2H†H (2)
Lyuk = −YEL¯HE − YDQ¯HD − YUQ¯H˜U + h.c. (3)
Lquart = −λˆ(H†H)2, (4)
where Lkin contains the canonically normalized kinetic terms. The fields transform according to
the representations described in table I, andYE,YD andYU are the Yukawa matrices of the electron,
down, and up-type fields respectively. In flavor space, these are 3 × 3 matrices. Without loss of
generality, it is possible to choose a basis where YE and YU are diagonal, and YD = VY˜D where Y˜D
is diagonal and V is the unitary CKM-matrix.
Fields [SU(3)c] [SU(2)W] [U(1)Y] Chirality
L 1 2 − 12 L
E 1 1 −1 R
Q 3 2 16 L
D 3 1 − 13 R
U 3 1 23 R
H 1 2 12
TABLE I. Transformation properties of the standard model fields under the three constituent gauge groups.
B. SU(Nc) toy model
We will also consider the model given by the Lagrangian (5) first introduced in [14] and
futher developed in [9–11]. It has an SU(Nc) gauge symmetry under which there are fermions
transforming in the fundamental, conjugate fundamental and adjoint representations, and also
features a global SU(N f )L × SU(N f )R symmetry (see table II for the details). The fundamental and
conjugate fundamental Weyl fermions can be thought of as forming a Dirac vector fermion in
3
analogy with QCD, but we find the present description more convenient.
L = −1
4
FµνFµν + iλ /Dλ¯ + iq¯ /Dq + i ¯˜q /Dq˜ + ∂µH†∂µH + (yHq˜Hq + h.c.) − u1(Tr[H†H])2 − u2 Tr[(H†H)2] ,
(5)
where λ is the adjoint fermion, q and q˜ are (anti)fundamental fermions and H is a singlet scalar
field.
Fields [SU(Nc)] SU(N f )L SU(N f )R U(1)V U(1)AF Chirality
λ Adj 1 1 0 1 L
q   1 N f−NcNc −NcN f L
q˜  1  −N f−NcNc −NcN f L
H 1   0 2NcN f
Gµ Adj 1 1 0 0
TABLE II. The field content of the model and the related symmetries
We will consider this model when introducing spontaneous symmetry breaking in Section V.
III. LAGRANGIAN NOTATION
The general formulas presented in various papers (see for example [1–4]) all assume a basic
Lagrangian of the form
L = Lkin − 12
(
yJK;AΨJΨKΦA + h.c.
)
− 1
4!
λABCDΦAΦBΦCΦD, (6)
where ΨJ is an all-encompassing fermion field transforming under some (in general) reducible
representation of the gauge group, and we are (and will be in the following) summing over
repeated indices. Without loss of generality, we may assume that it has a definite chirality, and
that all of its component fields are Weyl spinors. Similarly, ΦA is an all-encompassing scalar field
transforming under a reducible representation of the gauge group. Scalar or fermion mass terms,
and scalar cubic terms can be included by introducing a non-propagating dummy real scalar field
ΦDˆ [5]. The relevant operators can then be expressed as
L1 = −12
(
yJK;DˆΨJΨKΦDˆ + h.c.
)
− 1
4!
λABDˆDˆΦAΦBΦDˆΦDˆ −
1
4!
λABCDˆΦAΦBΦCΦDˆ, (7)
where yJK;DˆΦDˆ = (m f )JK, λABDˆDˆΦDˆΦDˆ = 2m
2
AB and λABCDˆΦDˆ = hABC. The beta functions for the
relevant operators can then be obtained from those of the corresponding marginal operators.
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Any gauge-Yukawa theory can, in principle be put on this form. How to actually accomplish
this in a general way is not at all obvious, and it is the focus of the present paper.
To accomplish this task, we introduce an object which organizes the specific fields (such as L¯,
E and H in the standard model) within the abstract fields ΨJ and ΦA, and keeps track of overall
indices as well as specific field indices. We call this the structure delta
∆SJ;{ j} (8)
where S takes values from the names of the fields in the theory (L¯, E and H); J is the overall fermion
index from (6); and { j} covers the gauge and flavor indices of the field S.
This new symbol obeys the following summation rule
∆SJ;{ j}∆
S′
J;{ j′} = δ
SS′
∏
{ j},{ j′}
δ j j′ , (9)
and has the fundamental property that ΨJ∆SJ;{ j} = S{ j} (or ΦJ∆
S
J;{ j} = S{ j} if S is a scalar field). In the
specific case of the standard model lepton sector, this is realized in the following manner
ΨJ∆
L¯;g2, fL
J = L¯
g2, fL , ΨJ∆
E
J; fE
= E fE and ΦA∆
H
A;g2,c
= Hg2,c. (10)
A. Yukawa interactions
We first illustrate how to express general Yukawa interactions by considering the leptonic part
of the standard model Yukawa interaction with all flavor and gauge indices written explicitly. It
is
LYuk,Lep = (YE) fEfL L¯g2, fLHg2E fE + h.c. , (11)
where g2 is the SU(2) gauge index, and fL and fE are the flavor indices of the lepton doublet and
electron-like singlet respectively. There is a subtlety here because the standard model Higgs is a
complex scalar, and thus have twice as many degrees of freedom as its gauge index would suggest.
We take this into account by adding a complex index c and introducing the symbol oc with the
property that o1 = 1 and o2 = i. Then
LYuk,Lep = (YE) fEfLocL¯g2, fLHg2,cE fE + h.c. . (12)
Using the structure delta (8), we can now write the lepton Yukawa Lagrangian (12) as
LYuk,Lep = 12(Y
E) fEfLo
c
(
ΨJ∆
L¯;g2, fL
J ΨK∆
E
K; fE
+ ΨK∆
L¯;g2, fL
K ΨJ∆
E
J; fE
)
ΦA∆
H
A;g2,c
+ h.c. (13)
=
1
2
(YE) fEfLo
c
(
∆
L¯;g2, fL
J ∆
E
K; fE
+ ∆
L¯;g2, fL
K ∆
E
J; fE
)
∆HA;g2,cΨJΨKΦA + h.c. , (14)
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and simply read off
y(Lep)JK;A = (Y
E) fEfLo
c
(
∆
L¯;g2, fL
J ∆
E
K; fE
+ ∆
L¯;g2, fL
K ∆
E
J; fE
)
∆HA;g2,c. (15)
We can now use an equivalent procedure to find y(Up)JK;A and y
(Down)
JK;A , and then construct the
Yukawa coupling for the entire standard model is just the sum,
yJK;A = y
(Lep)
JK;A + y
(Up)
JK;A + y
(Down)
JK;A . (16)
B. Quartic interactions
We can find the quartic coupling λABCD in an analogous way,
Lquart = λˆ
(
H†H
)2
. (17)
H can be written as a complex vector,
H =
1√
2
 H1,1 + iH1,2H2,1 + iH2,2
 , (18)
thus
H†H = 1
2
(H1,1 − iH1,2)(H1,1 + iH1,2) + 12(H2,1 − iH2,2)(H2,1 + iH2,2) (19)
=
1
2
(H21,1 + H
2
1,2 + H
2
2,1 + H
2
2,2), (20)
which we can write as
H†H = 1
2
Hg2,cHg2,c . (21)
Thus, in terms of the structure deltas,
Lquart,H = λˆ4Hg2,cHg2,cHg′2,c′Hg′2,c′ (22)
=
λˆ
4
1
4!
∑
perms
∆HA;g2,c∆
H
B;g2,c∆
H
C;g′2,c′
∆HD;g′2,c′
ΦAΦBΦCΦD, (23)
where
∑
perms is a sum over all possible permutation of A,B,C,D, and the factor of
1
4! enters to
compensate for the sum.
We can now read off
λABCD =
λˆ
4
∑
perms
∆HA;g2,c∆
H
B;g2,c∆
H
C;g′2,c′
∆HD;g′2,c′
(24)
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IV. GENERATORS
Following the notation of [4], we refer to the generator of the (reducible) scalar representation
as SαAB, where A and B are general scalar indices, and α is the group index running from 1 to d(G).
In the case of a semi-simple group, this is generalized to St;αAB where t labels the simple subgroup.
Equivalently, the generator of the spinor representation is given as RαJK, and R
t;α
JK if the group is
semi-simple.
The normalization of S and R is such that
Tr(SαSβ) = δαβT(S), SαACS
α
CB = C(S)AB, (25)
Tr(RαRβ) = δαβT(R), RαJLR
α
LK = C(R)JK, (26)
f αγδ f βγδ = δαβC(G), δαα = d(G), (27)
where T(·) is the Dynkin index of the representation, C(·) is the quadratic Casimir of the represen-
tation, withC(G) in particular being the quadratic Casimir of the adjoint, and d(G) is the dimension
of the group.
We can find SαAB by summing over the generators and structure deltas of each scalar species.
For U(1) this is particularly simple as the generator is just the charge of the field. Since we are
decomposing the complex scalars into their real components, each set of indices corresponds to
a single real scalar field. Furthermore, since the generators must be hermitian, this implies that
they must be imaginary and anti-symmetric. The expression for the U(1) generator is thus
SαAB =
∑
S
−iQScc′δ fSf ′S∆
S
A;c, fS
∆
S;c′, f ′S
B , (28)
where QS is the charge of the scalar species S. The sign is conventional, and has been chosen such
that the charges of the standard model fields are as listed in Table I.
For a non-abelian group, things are more complicated as the fields now transform in non-trivial
representations of the group. Since each scalar field under consideration is still real, we must still
ensure that each term in the generator is imaginary and anti-symmetric under an exchange of all
of the indices associated with the field.
We first observe that since the generators, Tα;ab, only carry gauge indices, the flavor indices
are contracted through a delta function. Secondly, the generators are either real and symmetric,
or imaginary and anti-symmetric. To ensure that the final expression is imaginary and anti-
symmetric, we must multiply by icc′ in the former case, in complete analogy with the U(1) case
above, but in the latter we must instead multiply by δcc′ . We show that the following construction
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is imaginary and anti-symmetric in either case:
Tα;ab(δcc′ + i
c
c′) − Tα;ab (δcc′ − icc′) (29)
= Tα;abδcc′ + iT
α;a
b
c
c′ − Tα;ab δcc′ + iTα;ab cc′ (30)
=
symmetric
2iTα;abcc′ (31)
=
antisymmetric
2Tα;abδcc′ , (32)
where Tα;ab is the transpose of T
α;a
b.
The final expression for the generator of the scalar representation is thus:
SαAB =
∑
S
−1
2
(
Tα;aS b(δ
c
c′ + i
c
c′) − TαS;ba(δcc′ − icc′)
)
δ
fS
f ′S
∆SA;c, fS,a∆
S;c′, f ′S,b
B (33)
where Tα;aS b is the generator of the representation under which the scalar species S transform. a
and b are the gauge indices of the representation, α is the gauge index of the group, and fS, f ′S are
the flavor indices of the scalar species S. The sign is again conventional and a change of sign here
will correspond to a change in the sign of the structure constants of the group.
The fermion case is equivalent to the scalar case, but simpler since we do not need to keep track
of the complex index c. In the abelian case, we have
RαJK =
∑
S
QSδ
fS
f ′S
∆SJ; fS∆
S; f ′S
K . (34)
and in the non-abelian
RαJK =
∑
S
Tα;kS jδ
fS
f ′S
∆SJ; fS, j∆
S; f ′S,b
K (35)
The expressions for the generators can be generalized to a semi-simple group by including an
index t for the subgroup in question and a product
∏
t′,t δ
at
bt
over the other subgroups.
A. Generator rewritings
When working with this notation in the special case of SU(N) groups, it can be convenient to
use the relation [15]
f αβγ = −2i(Tαi jTβjk − T
β
i jT
α
jk)T
γ
ki (36)
where Tαi j is the generator of the fundamental representation of the group. The reason this is
convenient is that it makes it easy to apply the Fierz identity
Tαi jT
α
kl =
1
2
(
δilδ jk − 1Nδi jδkl
)
, (37)
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which holds for the generators of the fundamental representation of SU(N).
Similarly, if one considers a model where the matter fields transform in a higher-dimensional
representation of the group (such as the Georgi-Glashow SU(5) GUT [16], or models of walking
technicolor [17]), it is useful to express the generators of the two index symmetric or antisymmetric
representation in terms of the generators of the fundamental representation. To do this, we simply
write
Tˆα
jˆkˆ
= Tˆα{ j1 j2}{k1k2} =
1
2
(
δ j2k2T
α
j1k1
± δ j2k1Tαj1k2 ± δ j1k2Tαj2k1 + δ j1k1Tαj2k2
)
, (38)
where Tˆα
jˆkˆ
is the generator of the (anti)symmetric representation and { j1 j2} refers to the (anti)symmetrized
indices ( j1 j2)
(
[ j1 j2]
)
.
It is easy to check that this expansion reproduces the well known results for the Dynkin index,
quadratic casimir and dimension of the two index (anti)symmetric representation,
Tˆα
jˆkˆ
Tˆβ
kˆ jˆ
=
1
4
(
δ j2k2T
α
j1k1
± δ j2k1Tαj1k2 ± δ j1k2Tαj2k1 + δ j1k1Tαj2k2
)(
δk2 j2T
β
k1 j1
± δk2 j1Tβk1 j2 ± δk1 j2T
β
k2 j1
+ δk1 j1T
β
k2 j2
)
=
N ± 2
2
δαβ (39)
Tˆα
jˆkˆ
Tˆα
kˆlˆ
=
1
4
(
δ j2k2T
α
j1k1
± δ j2k1Tαj1k2 ± δ j1k2Tαj2k1 + δ j1k1Tαj2k2
)(
δk2l2T
α
k1l1
± δk2l1Tαk1l2 ± δk1l2Tαk2l1 + δk1l1Tαk2l2
)
=
(N ± 2)(N ∓ 1)
2N
(δ j1l1δ j2l2 ± δ j1l2δ j2l1) =
(N ± 2)(N ∓ 1)
N
δ jˆlˆ (40)
δ jˆ jˆ =
N
(N ± 2)(N ∓ 1) Tˆ
α
jˆkˆ
Tˆα
kˆ jˆ
=
N(N ± 1)
2
(41)
V. SPONTANEOUS SYMMETRY BREAKING
To describe the situation where one desires to express the model under consideration using
a different set of fields at different scales, such as is the case when chiral symmetry breaking
happens, we consider the model we introduced in Section II B. Before chiral symmetry breaking,
the scalar sector is expressed as a general N f ×N f complex matrix H, but afterwards, this matrix
develops a vacuum expectation values and has the parametrization (see [14] for details)
Hrl =
v + φ + iη√
2N f
δrl + h
aTa,rl + ipi
aTa,rl (42)
where v is the vacuum expectation value, φ and ha gain masses, η and pia are the Goldstone bosons,
and Ta,rl are the generators of the fundamental representation of SU(N f ).
In the notation established in Section III, this corresponds to exchanging the structure delta
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∆HA;lr for a sum over the new structure deltas. In general, this is done as follows
∆SA;{a} →
∑
i
ΩSi{a};{ai}∆
Si
A;{ai} , (43)
where the index i specifies which of the descendant fields that particular term describes, and Ω
contains the relevant information on the gauge and flavor structure of the breaking.
In the particular case mentioned above, the breaking pattern is
∆H;rA;l →
v√
2N f
δrlIA +
1√
2N f
δrl∆
φ
A +
i√
2N f
δrl∆
η
A + T
a,r
l ∆
h
A;a + iT
a,r
l ∆
pi
A;a (44)
where we have introduced a new object IA which is defined by the action
IAΦA = 1 IJΨJ = 1. (45)
This has the useful property that it can turn Yukawa and quartic terms into mass terms. To
illustrate this, let us consider the Yukawa coupling of (5) in the notation introduced previously in
this paper
yHq˜
g
rH
r
l q
l
g =
yH
2
(
∆
q˜;g
J;r ∆
q;l
K;g + ∆
q˜;g
K;r∆
q;l
J;g
)
∆H;rA;l ΨJΨKΦA . (46)
Under the breaking pattern (44), this becomes
yHq˜
g
rH
r
l q
l
g →
yH
2
(
∆
q˜;g
J;r ∆
q;l
K;g + ∆
q˜;g
K;r∆
q;l
J;g
)( vIA√
2N f
δrl +
∆
φ
A + i∆
η
A√
2N f
δrl + T
a,r
l ∆
h
A;a + iT
a,r
l ∆
pi
A;a
)
ΨJΨKΦA (47)
=
yHv
2
√
2N f
(
∆
q˜;g
J;l ∆
q;l
K;g + ∆
q˜;g
K;l∆
q;l
J;g
)
ΨJΨK
+
yH
2
(
∆
q˜;g
J;r ∆
q;l
K;g + ∆
q˜;g
K;r∆
q;l
J;g
)(∆φA + i∆ηA√
2N f
δrl + T
a,r
l ∆
h
A;a + iT
a,r
l ∆
pi
A;a
)
ΨJΨKΦA , (48)
and we see that the first term is in fact a fermion mass term since it contains a dimension 1 operator
and 2 fermion fields.
A completely analogous analysis can be performed for the quartic sector after breaking, and
this leads to scalar mass terms and cubic interactions, as well as new quartic terms.
VI. CONCLUDING REMARKS
We have presented a new notation which makes it simple to write the Lagrangian of a specific
gauge-Yukawa theory in a manner that allows the direct application of formulas derived for general
gauge-Yukawa theories. This enables theorists and model builders to quickly get expressions for
the beta function, effective potential etc. for specific theories under examination.
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